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OPERATORS FROM MIRROR CURVES AND THE QUANTUM 

DILOGARITHM 


RINAT KASHAEV AND MARCOS MARINO 

Abstract. Mirror manifolds to toric Calabi-Yau threefolds are encoded in algebraic curves. 
The quantization of these curves leads naturally to quantum-mechanical operators on the 
real line. We show that, for a large number of local del Pezzo Calabi-Yau threefolds, these 
operators are of trace class. In some simple geometries, like local P^, we calculate the 
integral kernel of the corresponding operators in terms of Faddeev’s quantum dilogarithm. 
Their spectral traces are expressed in terms of multi-dimensional integrals, similar to the 
state-integrals appearing in three-manifold topology, and we show that they can be evaluated 
explicitly in some cases. Our results provide further verifications of a recent conjecture which 
gives an explicit expression for the Fredholm determinant of these operators, in terms of 
enumerative invariants of the underlying Calabi-Yau threefolds. 
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1. Introduction 

The problem of “quantizing” in a suitable way an algebraic curve appears in many dif¬ 
ferent contexts in mathematical physics. For example, the quantization of spectral curves 
associated to integrable systems leads to the Baxter equation. Solving the spectral problem 
for the Baxter equation, after imposing appropriate boundary conditions, gives the solution 
of the original eigenvalue problem. In other cases, the classical limit of a quantum theory is 
encoded in an algebraic curve, and a suitable quantization of the curve makes it possible to 
go beyond the classical limit and to obtain the quantum corrections. 

One important example of such a situation is local mirror symmetry [KKV, CKYZ]. The 
mirror manifold to a toric Calabi-Yau manifold X reduces to an algebraic curve in the 
exponentiated variables x, y, of the form 

(1) hF(e^,e^)=0. 

The genus zero Gromov-Witten invariants of X can be obtained by computing periods of 
this curve. In [ADKMV] it was pointed out that the higher genus invariants (which can be 
regarded as “quantum corrections”) might be obtained by quantizing in an appropriate way 
the mirror curve. Building on work on supersymmetric gauge theories and quantum inte¬ 
grable systems [NS], it was shown in [ACDKV] that mirror curves can be formally quantized 
by using the WKB approximation (this method was previously used in [MM], in the context 
of Seiberg-Witten curves). The quantum corrections obtained in this way do not correspond 
to the conventional higher genus Gromov-Witten invariants, but to a peculiar combination 
of the “rehned” BPS invariants of the toric Galabi-Yau manifold [IKV, GKK, NO]. 

The quantization prescription of [AGDKV] leads to “quantum” periods which are formal 
WKB series in powers of h. However, in [KM] it was pointed out that one can associate 
operators with a well-dehned, discrete spectrum, to the mirror curves of toric Galabi-Yau 
threefolds. The WKB series considered in [AGDKV] turns out to be insufficient to determine 
this spectrum, as it misses non-perturbative corrections of the instanton type. It was sug¬ 
gested in [KM] that these corrections would involve the conventional higher genus Gromov- 
Witten invariants of X, and this suggestion was verihed in some examples in [KM, HW]. 
These observations were deepened and put on a hrmer ground in [GHM], where it was con¬ 
jectured that, given a mirror curve to a toric Galabi-Yau threefold X, one can associate to 
it a trace class operator. Furthermore, [GHM] proposed an exact formula for the Fredholm 
determinant of this trace class operator in terms of the enumerative geometry of X. Both 
conjectures were tested in detail in a number of examples, both analytically and numerically. 
The proposal of [GHM] focused on the case in which the mirror curve is of genus one, i.e. 
in the case in which X is a local del Pezzo Galabi-Yau threefold, but it can be suitably 
generalized to the case of higher genus curves. 

In this paper we will perform a detailed study of the operators associated to mirror curves 
by the procedure explained in [GHM]. We will prove that, indeed, for a large number of 
local del Pezzo threefolds, they lead to positive-dehnite, trace class operators on L^(]R). 
Therefore, their spectrum is discrete and positive (as it was shown numerically in some 
examples in [KM, HW, GHM]), and their Fredholm determinants are well-dehned. One of 
the most interesting aspects of our study is that the operators obtained in this way are closely 
related to those appearing in the quantization of Teichmiiller theory [Kl, K2, K3, K4, FG]. 
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In particular, in the simple case of three-term operators, we compute explicitly their integral 
kernels, which involve in an essential way Faddeev’s quantum dilogarithm function [Fad95, 
FK94]. The spectral traces of these operators lead then to multi-dimensional integrals that 
are formally very similar to the state-integral invariants of three-manifolds studied recently 
in [HikOl, DGLZ09, AKa, KLV12, DG13, AKb, Dim], We use recent techniques for the 
evaluation of state integrals [GK] to calculate these spectral traces in various cases, and we 
verify that the results fully agree with the predictions of [GHM], 

This paper is organized as follows. In section 2 we give a brief review of the construction 
of the operators from mirror curves, and after introducing some of the necessary ingredients, 
we prove that the relevant operators are of trace class. In addition, we calculate the explicit 
expression of their integral kernels in the simple case of three-term operators. In section 3 
we write down formulae for the spectral traces of the three-term operators, and we evaluate 
them explicitly in some cases. In section 4 we compare our results to the conjecture of [GHM] 
for the Fredholm determinant of these operators. Finally, in section 5 we conclude and list 
some interesting open problems. 

Acknowledgments. We would like to thank Andrea Brini, Alba Grassi, Jie Gu, Yasuyuki 
Hatsuda, Albrecht Klemm, Jonas Reuter, Shamil Shakirov and Leon Takhtajan for useful 
conversations and correspondence. 

2. Trace class operators and mirror curves 

2.1. Mirror cnrves. The operators which we will study in this paper arise by quantizing 
mirror curves (in an appropriate sense). We will focus for simplicity on toric (almost) del 
Pezzo Galabi-Yau threefolds, which are dehned as the total space of the canonical line bundle 
on a toric (almost) del Pezzo surface S, 

(2) X = OiKs) ^ R 

They are sometimes called “local S',” so for example if S' = P^, the total space of its canonical 
line bundle will be called local P^. Examples of toric (almost) del Pezzos include, besides 
P^, the Hirzebruch surfaces F„, n = 0,1, 2, and the blowups of P^ at n points, denoted by 
for n = 1, 2, 3 (note that Fi = Hi, and that Fq = P^ x P^). 

By standard results in toric geometry (see for example [HKP, GRj), toric, almost del 
Pezzo surfaces can be classihed by reflexive polyhedra in two dimensions. The polyhedron 
A 5 associated to a surface S is the convex hull of a set of two-dimensional vectors 

(3) z/W = , i = l,---,fc + 2, 

together with the origin. In order to construct the total space of the canonical line bundle 
over S', we have to consider the extended vectors 
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They satisfy the relations 

k+2 

(5) QT" = 0. 

i=0 

where Q" is a matrix of integers (called the charge matrix) which characterizes the geometry. 

The constrnction of the mirror geometry to (2) goes back to Batyrev, and it has been 
recently reviewed in [CR], to which we refer for fnrther details. In order to write down the 
eqnation for the mirror curve to the Calabi-Yau (2), we note that it depends on k complex 
moduli Za, a = 1, ■ ■ ■ ,k, which can be parametrized in many possible ways. The most useful 
parametrization involves a modulus u and a set of “mass” parameters Q, i = 1, ■ ■ ■ , r, where 
r depends on the geometry under consideration [HKP, HKRS]. In terms of these variables, 
the mirror curve for a local del Pezzo Calabi-Yau threefold can be written as, 

( 6 ) W{e^,ey) = Os{x,y) + u = 0, 

where 

k+2 

(7) Os(x, y) = ^exp + /i(Cj)) , 

i=l 

and fi{Cj) are suitable functions of the parameters Q. 

Example 2.1. The simplest case of a local del Pezzo is local P^. In this case, we have k = 1. 
The vectors (3) are given by 

( 8 ) 1 /( 1 ) = ( 1 , 0 ), = ( 0 , 1 ), 1 /( 3 ) ^ 

In this geometry there is one complex deformation parameter u, and the function Op2 is 
given by 

( 9 ) Op2{x,y) = e^ + ey + e-^-K 

Example 2.2. The previous example can be generalized by considering the canonical line 
bundle over the weighted projective space P(l,m,n), where m,n E Z>o. This is not a 
smooth manifold, but it can be analyzed by using extensions of Gromov-Witten theory, see 
for example [BC] for a study of the case n = 1. The vectors are in this case 

(10) z/(i) = (l,0), z/(^) = (0,l), z/(3) = (—m, —n), 

and the function O appearing in the mirror curve (6) is given by 

(11) 0™,„(a;,|/)=e" + e" + e-“". 

Some of these geometries can arise as degeneration limits of toric del Pezzos. For example, 
the mirror curve to local F2 is characterized by the function 

(12) Otp, (x, y)=e^ + e^ + e-^-^ + Ce"", 

and when (^ = 0 we recover the geometry (11) with m = 2 and n = 1. 

Some examples of functions obtained from mirror curves of local del Pezzos can be found 
in table 1. Details on the corresponding geometries can be found in for example [HKP]. 
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Os{x,y) 


e^ -P e^ -P 

Fq 

-P e^ -P e“^ 

Fi 

e^ -P -P e^ -P 

F 2 

e^ + Ce“"^ -P e^^ + 

B 2 

e^i _p e^ + e~^~y + -P 

Bs 

e^i _p e^ -P e~^~y + + C2e“^ + 


Table 1. The functions Os{x,y) associated to some local del Pezzo Calabi-Yaus. 

2.2. Quantization. The “quantization” of the mirror curve ( 6 ), in the case of local del Pez- 
zos, is based on the promotion of the function Os{x, y) to an operator, which will be denoted 
by Os- This is achieved by simply promoting x, y to self-adjoint Heisenberg operators x, y 
satisfying the commutation relation 

(13) [x,y] = ih. 

Possible ordering ambiguities are resolved by using Weyl’s prescription. As noted in [GHM], 
instead of studying O 5 (which is not of trace class), one should rather consider its inverse 

( 14 ) Ps^Os'. 

One of our goals in this paper is to show that, for a large number of choices of S', this 
operator exists and is of trace class. 

It will be useful to introduce normalized Heisenberg operators, p and q, satisfying the 
commutation relation 

(15) [p,q] = (27ri)-b 

The “coordinate representation” is given by a realisation in the Hilbert space L^(M) by the 
formulae 

1 d f 

(16) (x|q = T(a:|, (x|p = — — (a;|, {x\y) = 6{x - y), 1 = / \x) dx{x\, 

2 vri dx Jr 

while the “momentum representation” is given by 

i d f 

(17) (x|p = a;(a;|, (a;|q = — — (x|, {x\y) = S{x - y), 1= \x)dx{x\, 

2 vr dx Jr 

and the transition between these two representations is given by the Fourier kernel 

(18) [x\v) = 

The following result is elementary (see also [Si]). 

Lemma 2.3. For any f,g E L^(M), the operator 

(19) G = f{q)g{p) 
is a Hilbert-Schmidt operator. 
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Proof. By using the integral kernel in the mixed basis 
(20) (a;|G|2/) = f{x)g{y){x\y), 

we have 


(21) Ti{G*G)= {y\G*\x){x\G\y)dxdy= \{x\G\y)f dxdy 


\f{x)g{y)fdxdy = 


2|| „l|2 


< OO 


where we use the L^-norm 

( 22 ) 


2 _ 


= / |/(x)| dx. 


□ 


In order to study the properties of the operators associated to local del Pezzo geometries, 
we will proceed in two steps. First, we will consider the three-term operators Om,n, obtained 
by quantization of the function (11), and we will establish that their inverse operators 

(23) pm,n = 


exist and are trace class operators on L^(IR). The operators associated to more general del 
Pezzos can be regarded as perturbations of three-term operators, and this makes it possible 
to show that they are as well of trace class. The operator associated to local Fq is somewhat 
special, but it can be analyzed with similar techniques, as we will see. 

A key ingredient to study the operators pm,n is an explicit determination of their integral 
kernels, which involves Faddeev’s quantum dilogarithm <hb(3^) [Fad95, FK94]. A summary of 
the properties of this function can be found in the Appendix. Here, we list some preliminary 
results for the analysis of the three-term operators. We fix a positive real number b and 
define a set 


( 24 ) 




I (a, c) G M 


2 

>0 


a -|- c < hb 



We will also denote 


(25) 


Cb = ihb. 


Dehne a function 
(26) 


d'a,c(x) 


^27Tax 

$b(a: - i(a -b c)) ’ 


x G M, (a, c) G Ab, 


which is a nowhere vanishing Schwartz function in variable x, i.e. a smooth and rapidly 
decreasing function at infinity. Indeed, the conditions on parameters a and c are such that 
4/a,c(T) is a restriction of a meromorphic function in the complex plane whose poles and 
zeros do not belong to the real axis M C C, and the formula 


( 27 ) 


lim <hb(x -I- \y) = 1, Vi/ G M, 

a:—>•—OO 
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lim 


—2'Kax 


i) = o. 


implies that 
(28) 

By using the equalities 

(29) I ^a,e(T)| = |<hb(-a; + i(a + c))e2—= | + i(a + c))|e 

we also have 

(30) 

Lemma 2.4. For any ( 01 , 02 ) € Ab, one has 


—2'kcx 


lim (|^„,e(a;)|e^"'="-l) = 0 . 

IE—>- + 00 


(31) 


^ 11 ^ 
^ ai,a 2 II 


I *hb(cb - 2ioj)|, 03 = hb - oi - 02. 

i=i 

Proof. The formula follows from the integral Ramanujan formula 


(32) (p{z,w) = 


_ f ^ b { t +^) 2n\tw 


Mt-I) 

where the normalized quantum dilogarithm function 


df = (j)b{z - Cb) (j)b{w + Cb) (j)b{-z - w + Cb), 


$b(0) 


(33) 

has the properties 

(34) 4>b{z)(l>b{-z) = 1, fbiz) = fbi-z), 
We have 


(pbiz - ib/ 2 ) 
(j)b{z + ib/ 2 ) 


= 2 cosh( 7 rb 2 :). 


(35) II T,,, 


|2 _ f ‘hb(t + i(oi + O2)) A+ _ 


^2 


df = <p( 2 i(oi + 02 ), — 2 ioi) 


Jr ‘^*b(^ ~ i(®i + ^ 2 )) 

= (p( 2 i(hb - 03), - 2 ioi) = 0 b(cb - 2103 ) 0 b(cb - 2 ioi) 0 b(cb - 2 io 2 ), 
which is exactly (31), as we have the equality 


(36) 


*^’b(^)| = \(pb{z)\ if Q'(2:)3f?(^) = 0. 


□ 


Remark 2.5. More generally, we have the following Fourier transformation formula 


( 37 ) 


2 „ 27 ria:tj. _ f ^b{t + i(Ol + O2)) ^ 27 T\t(x- 2 \ai) 


^a3,a.(f)| = 


df 


‘f’b(f ~ i(®i T ^2)) 

= </9(2i(oi + 02), T - 2ioi) 

= (/b(2i(oi + 02) - Cb) (j)b{x - 2ioi + Cb) 0b(-2i(oi + 02) - t + 2ioi + Cb) 

= 4 >b{cb - 2103) (j)b{x - 2ioi + Cb) (j)b{-x - 2io2 + Cb) 

(pbix - 2ioi + Cb) 


= 0 b(cb - 2103 ) 


(pb{x + 2io2 - Cb)’ 
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Lemma 2.6. One has the following eqnalities 

(38) <hb(p)e""‘^^ <h*(p) = e^"^" + 


(39) <h*(q) <hb(p)e2’^^^ <h*(p) $b(q) = 

Proof. We have 

(40) <hb(p)e2"‘^P <h^(p) = (1 + 

and, by nsing the previous formula, 

(41) <h:(q) $b(p)e2"^P 4>^(p) 4>b(q) = 4>^(q) + e^^^^P+P)) $b(q) 


_ g27rbq _|_ ^7rb(p+q) ‘^b (O '^/^) ^7rb(p+q) _ g27rbq _|_ g7rb(p+q) A _|_ g27rbq\ g7rb(p+q) 

$b(q + ib/2) ^ ^ 


_ g27rbq _|_ g27rb(p+q) g27rb(p+2q) ^ 

□ 

2.3. Generic three-term operator. Consider the operator associated to the function (11): 
(42) -t- e^ -1- m,n e M>o. 

Note that m, n can be a priori arbitrary positive, real numbers, although in the operators 
arising from the mirror curves they are integers. By using Lemma 2.6 and the substitutions 


(43) 

SO that 

(44) 

we have 




m + n + 1 


h = 


m + n + 1 


27rb2 


m + n + 1 ’ 

(45) = 6^“^ + 1 + = e^^^^P+P^ + 1 + e^^^P 


= 1 + 4b(p)e2*'-i 4;(p) = 4>,(p)i!liT^ $j(p). 


<l)b(q + ib/2) 


By dehning an operator 

7rb(7Ti-l-l) TrbTTi 

(46) Am,n = *hb(q - ib/2) <hb(p)e “^e^+^+iP, 
we obtain the following formula for the inverse operator (23), 

(47) Pm,n = 

Let US now rewrite Am,n in fhe form 


(48) A =$r(q-iL)e^^P$::(^p-i 


TTbm ^ 

e„,+„+lP = 4'„+c,m(q) ^a,c(p), 
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where 

(49) 


bm 


a = 


c = 


2(m + n + l)’ 2(m + n + 1) 

We see that Am,n is a Hilbert-Schmidt operator due to the inclusions 

b(m + 1) bn \ . f bm b 


(50) 


e Ab 3 


2(m + n + 1) ’ 2(m + n + 1) 


2(m + n + 1) ’ 2(rn + n + 1)^ 
and Lemma 2.3. 

Theorem 2.7. The operator pm,n is positive-definite and of trace class. 

Proof. Due to (47), we have that, for any / G L^(M), 

(51) [ f*{x){pm,nf){x)dx = WA^^nfW^, 

Jr 

and since is invertible, we conclude that pm,n is positive-definite. Since the product of 
two Hilbert-Schmidt operators is trace class, and Am,n is Hilbert-Schmidt, we also conclude 
that pm,n is of trace class. □ 

Proposition 2.8. The integral kernel of pm,n in the momentum representation is given by 
the formula 


(62) 


{xlpm^nly) 


^'a,c((i:) dta,c{y) 


2b cosh f 71 


. x—yfi-\{afi-c—nc) 
b 


Proof. From (47) and (48) we obtain 


(53) Pm,n = T;,(p) T:+,_,„(q) T,+e,cn(q) T,,,(p) = T;,(p) |T,+e,cn(q)r ^a,c(p)- 

By using the difference functional equation for the quantum dilogarithm and the Fourier 
integral 

1 r Ximxy 


(54) 

and denoting 

(55) 

we have 

(56) \dta+c,cni^)f = 


cosh(7rx) 


cosh(7r?/) 


dy, 


^2n{afi-c)x 


^4:7r{a-\-c)x 


<l>b(x - ib/2) 

^27Thx 


h = a + c — nc, 


_ $b(x_+i^ 


1 -|- e' 


,27rbx 


2 cosh(7rba;) 


<l'b(a; - ib/2) 

r ^27rhx^2n\bxy 

iffi 2cosh(7ri/) 

^27ribx2: 


«-iVb 2cosh(7r(^ + ih/b)) 


dy = 


dz = 


g27ribx(^—i/i/b) 

2 cosh(7ri/) 

^2n\xt 


dy 


2bcosh(7r(f -|- ih)/b)) 


dt. 
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where in the last equality we have shifted the line of integration by using analyticity of the 
integrand in the strip < \h\/b. Finally, we remark that if we have a Fourier integral of 
the form 

(57) f{x)= [ 

Jr 

then we have 


(58) (a;|/(q)|i/) = / /(f)(a;|e^^'^*|?/) dt = / f{t){x-t\y)dt 


= / Kt)^{x-t-y)dt = f{x-y), 


so that 

(59) {x\pm,n\y) 


ix\ C,c(p) l^a+c,cn(q) 1^ d/a,cip)\y) 

= d'a,c(a;) {x\\d/a+c,cn{<^)f\y) ^a,c(l/) 


^a,c(a;) ^a,c(?/) 

2b cosh 


□ 


2.4. Local Fq. The operator associated to the mirror curve of local Fq is obtained by quan¬ 
tization of the function appearing in table 1 , and it reads 

(60) Ofo = e" + Ce"" + e" + e’T 

This operator can not be regarded as a perturbation of a three-term operator of the form 
Om,n'- when C = 0 , the resulting operator is precisely the one associated to geodesic lenghts in 
quantum Teichmiiller theory [Kl, K2, FC], and it has a continuous spectrum [K3, K4, FT]. 
We then assume C > 0. We will now show that, when this is the case, the inverse operator 
PFp = exists and is of trace class. Let us set 

(61) X = 7 rb(p -I- 2q), y = vrbp, 
so that 

(62) h = vrb^. 

By using Lemma 2.6 we have 

(63) e^/^OFoe^/^ - ( = -f e^+y -f e^'^ = + e^"^^ 

= 4:(q)4>b(p)e='"‘'4>;(p)4b(q). 

Thus, 

(64) 4>*(p) <Fb(q)e>^/20Foe>'/2 $^(q) <Fb(p) = C + = C (l + 

^ 4)b(q -/i - ib/ 2 ) 

'^<l)b(q - /i + ib/ 2 )’ 

where we have introduced a new parameter y through the equation 

(65) C = 
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By defining an operator 

(66) B 5 fjq -11- ib/2) ^^(p) 

we obtain the following formula 

(67) = B*B. 

By rewriting B in the form 

(68) B = <h*(q - /i - ib/2) $*(p)e"^P/2 <hb(q + ib/4)e"^^ 

= $*b(q - /i - ib/2)e2"^^ <h*(p - iA)e’^^(P-'^)/2 <hb(q + ib/4)e’^(‘^-2^)^ 

= e’^^( 2 / 2 -ib/ 2 ) - h) ^b/4,A-b/4(p) ^b/2-A,A-b/4(q), 

we see that, for any A satisfying the inequalities 

(69) b/4 < A < b/2, 

B is a Hilbert-Schmidt operator by Lemma 2.3 and the fact that Hilbert-Schmidt operators 
form a two-sided ideal in the algebra of bounded operators. It follows that is positive- 
dehnite and of trace class. 

2.5. Perturbed operators. With the exception of the operator for local Fq that we have 
just considered, the operators appearing in Table 1 are perturbations of the operators Om,n- 
Let us then consider an operator of the form, 

(70) 0 = V +A-^(A*)-\ 

where V is a self-adjoint positive operator, and A is an invertible Hilbert-Schmidt operator. 
We write 

(71) AOA* = AVA* + 1, 
or equivalently 

(72) 0'^ = A*(AVA* + = CC, 

where 

(73) C = (AVA* + 

is evidently a Hilbert-Schmidt operator. It follows that is of trace class and positive- 
dehnite. We can now apply this general argument to the operators ps = obtained by 
quantizing the functions Os in table 1, when S = Bn+i, F„, n = 1, 2. Provided the perturba¬ 
tion parameters Q are positive, the operators ps will be of trace class and positive-dehnite. 
This argument also applies to other operators associated to local del Pezzo threefolds. 
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2.6. Symmetries and equivalences. There are a number of unitary equivalences in the 
three parameter family of three-term operators 

(74) 


{Om,n(^) ^ + e | [x, y] ^ i/i, (m, n, h) e R^o } ■ 


The first set of such equivalences is produced by the action of the order three cyclic group 
Z 3 which cyclically permutes the three operators 

(75) X I— )■ y I— )■ —mx — uy 1 —)■ x. 

The corresponding equivalences in the parameter space read 

(76) {m,n,h) ~ {n/m,l/m,mh) ~ {l/n,m/n,nh). 

In the case of m = n = 1, the above equivalence becomes a Z 3 symmetry. To see this 
explicitly, let us define a unitary operator 

(77) V = = e-^'/^^e^'P'P, 

where F is the Fourier operator dehned by its integral kernels in the “position” or “momen¬ 
tum” representations 

(78) {x\?\y)=e^-'^y = {x\m- 
V can also be written in other forms 


(79) 




where P is the parity operator: 

(80) (x|P|i/) = (5(x + i/) = (a;|P|i/). 

Various integral kernels of V are as follows, 

(81) (x|V|i/) = _ (2;|V|x), 

(x|V|i/) = (a;|v| 2 /) = - y). 

It is easily verified that V is of order three and commutes with Oi^. This means that 
and V can be diagonalized simultaneously. The Z 3 symmetry of this operator reflects the 
corresponding symmetry of the underlying Calabi-Yau threefold, local (which is in fact 
the resolution of the orbifold /"L^). 

In addition to the general equivalence (76), some additional equivalences appear when the 
parameters are restricted by some relations. 

Proposition 2.9. The relation in the parameter space 

(82) {m,n,h) ^ {{m + nY/m,n/m,mh) 
corresponds to a unitary equivalence of the associated operators if either 

(83) m -F n = 1, 
or 

(84) 


m + n = 271/h, 
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or else 


(85) m + n = iV, h = 2 ttM/N, 
where M,N E Z>i with gcd(M, N) = 1. 

Proof. The three cases correspond to the condition 

(86) m + n = e G {±1}, N E Z, 

where = 1 in the hrst two cases with e = 1 for (83) and e = —1 for (84), while in the case 
(85), N rests arbitrary but e = 1. 

By using the parametrization 

(87) h = 27rb^, X = 27rbq, y = 27rbp, 
we write 


( 88 ) 


e" + = e"/2 (i + 6^-") e"/^ 


_ ^bq ^b(p 
$b(p 


q - ib/2) bq 

q + ib/2) 

= $b(p-q)e2"^^$b(p-q)-'. 


so that 


(89) $b (p - q) ^ Om,n{h) <hb (p - q) - 

= $b (p - q)-' <hb (p - q) 

^ ^-^b(mq+np) (p " 9 " + n)/2) ^_^b(mq+np) 

$b (p - q + ib(m + n)/2) 

_ 7rb(mq+np) *^b (P 9 ib A^/2) ^_^b(mq+np) 

$b (p - q + ib'^A^/2) 


_ g-7rb{mq+np) | g7rib2''(l—A)g27rb'= (p-q). g27rib^' 


7rb(7Tiq+np) 


N 


where we use the notation 
(90) 


(X 


A -1 

-,(i)n= n 

j=0 


and the functional equations for the quantum dilogarithm 
4>b (x - ib^iV/2) 


$b (x + ib'^iV/2) 
Now, we remark that 
(92) 


_ /_ 7rib^^(l—A^) 27rb^a: 27rib^^ 

— [ fc; t; 5 t; 


N 


, ViV e z, e e {±1}. 
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either if = 1 or else if > 1 and g is a primitive A^-th root of unity. The latter is the 
case if = M/N with mutually prime integers M and N. Thus, we conclude that 


(93) 


4b(p-q) ‘ 4b (p - q) 

_ g27rbq _|_ g-7rb(mq+np) ^g27rb'A(p-q) 

_ g27rbq _j_ g27rb(b'^“^ A(p—q)—mq—np) 

_ g27rbq _|_ g27rb((m+n)(p—q)—mq—np) 
_ g27rbq _|_ g27rb(mp-(2m+n)q) ^ 


_|_ g-7rb(mq+np) 
_|_ g-27rb(mq+np) 

_|_ g-27rb(r7iq+np) 

—27rb(mq+np) _ ^x' 


Te^ 


+ e 


—m X —n y 


where 


(94) x' = 27rbq = x, y' = 27rb(mp — (2m + n)q) = my — (2m + n)x 
so that 

(95) [x', y'] = h!, h' = mh, 
and 

(96) m' = {m + nY/m, n' = n/m. 

□ 


3. Calculation of spectral traces 
Since the operator pm,n is of trace class, all its spectral traces 

(97) T G Z>0 

exist. They can be computed by using the explicit expression for the kernel (52), which leads 
to an L-dimensional integral involving products of quantum dilogarithms. These integrals 
are then similar to state-integrals, and they can be analyzed with the same techniques. In 
this section we will show that one can write the L-th spectral trace as an (L — l)-dimensional 
integral. This leads to explicit expressions for the cases L = 1, 2, which can be evaluated in 
closed form in many cases. 

3.1. General considerations. By using the cyclic property of the trace, one finds that 

(98) Trp^ ,^ = Tr ((/(q)g(p))^) , 
where 

^Tvhx 

(99) f{x) = I ^a+c,cn{x)\‘^ = - - , g{x) = \ Ta,c(a:)P, 

2 cosh(7rba;) 

and we have used (56). We hrst establish a result which allows to compute this type of 
traces, for general /(x), g{x). 
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Lemma 3.1. Let f\g & Then 

(100) Tr((/(q)^?(p))^) 

= L dxi -. .dxLS{xi-\ - \-XL)Jf{Xi,...,XL)Y\HXj+l-Xj)^ 

where xl+i = Xi, 

(101) J/(xi,... ,xl) = [ f{xi+t)...f{xL + t)dt, 

7r 

and 

( 102 ) ~g{x)^ [ g{t)e-^-'^^dt. 

Jr 

Proof. We start by calculating the integral kernel 

(103) {x\g{p)\y) = [ g{t){x\e'^^'^''\y) dt = f g{t){x + t\y) dt 

t/ M */ M 

= / Kt)^{x + t-y)dt = g{y-x). 
Jr 

Now, by using the convention x^+i = Xi, we write 

(104) Tr ((/(q)^(p))^) = /" dxi... dxi TT{xj|/(q)^(p)|xj+i) 

Jr^ ,=i 

n L n L 

= / dxi.. .dxLTT/(xj)(xj|5((p)|xj+i) = / dxi.. .dxiW f{xj)g{xj+i-Xj) 

Jr^ fJl Jrl 

= L / dt dxi... dx^S^Xi + ■ ■ ■ + xl — Lt) f{xj)g{xjj^i — Xj) 


/R-C'+i 


i=i 


L dtdxi . . . dXLS{xi + • • • + Xi) JJ fix, + t)^(x,+i - Xj) 


Irl+1 


i=i 


= L dxi.. .dxL5(xi H-h x^) J/(xi,..., x^) TT5((xj+i - x^). 

□ 

In our case, the function /(x) has the explicit expression obtained in (99). We now evaluate 
the function J/(xi,... ,xl) in this particular case. 


Lemma 3.2. If 
(105) 


f(x) = 


-^27rhx 


2 cosh(7rbx) ’ 
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then the function Jf{xi,..., xl) defined by the equation (101) has the following explicit form 


(106) 


Jf{Xi, ...,Xl) = 


1 Q‘i'!^h{xk-Xj) 

2^bsin(7rL (1 - ^)) ^ sinh(7rb(a:fc - Xj))' 


Proof. By using Lemma 2.1 of [GK], we have 

(107) Jf{xi, ...,xl)= [ F{t) dt = ([ - I 

Jr \Jr Ji 


m 


1 


1 - 


b-i; i-F(f + i/b)/F(f) 

27ri 


df 


F(«)d( = 

/R+ib-i / i — A 


Rest=zF{t), 


0 <G 2 :<b 


where 

L 

(108) 

Di)=nA 


i=i 

SO that 


(109) 

F{t + \/b) ^2^ 

F{t) ’ 


The contribution in (107) comes from L poles of F{t) at the points t = Zj = —Xj + 
1 < j < L, with the residues 


( 110 ) 


Res,..,F(()=<L^n 


^2vh{xk-Xj) 


vrb fj- sinh(7rb(a;fc — Xj)) 


which lead straightforwardly to (106). □ 

When L = 1, the trace can be computed immediately by using Remark 2.5, and one finds 

1 0b(cb - 2ia) 0b(cb - 2ic) 


( 111 ) 


Tl' Pm,n 


2b COS (^) 0b(cb - 2i(a + c)) 


When L = 2, the formula (100) with f{x), g{x) given in (99), together with Remark 2.5, 
gives rise to 


( 112 ) Tl'(pi_„) 


|<l)b (2i(a + c) — Cb)|^ f sinh(27rhs)(/)b(s + Cb — 2ia)(/)b(s + Cb — 2ic) 


2b sin (27rh/b) 


ds 


Jr sinh(7rbs)0b('S - Cb + 2ia)0b(s - Cb + 2ic) 
|<hb (2i(a + c) - Cb)|^ /■ sinh(27r/is) 

m(7rbs) 2 “ 2 


where 

(113) 


2b sin (27rh/b) 


Wa{x) = |^a,a(T)r 


smt 
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3.2. Some explicit results. The spectral traces for L = 1,2 depend on m, n and b, and 
they can be computed very explicitly in some special cases. Using the results in [GK], one 
can evaluate the traces in closed form when b is of the form 


(114) 


b = -/M/N, 


and M, N are coprime positive integers. Note that, due to (44), this corresponds to rational 
values of h/vr G Q>o- Let us present some results in the case m = n = 1, which is the 
operator associated to local P^. In this case, the formula (111) for the trace can be written 
as 


(115) 


Trpi.i ^ exp 


vri 


(I2c^ + 4b2 - 3) 


bx/3$b (cb-f) 


1 

b 


4>b 



By using Theorem 1.9 of [GK] we obtain, for example. 


(116) 



Trpi^i (h = tt) 


Trpi,i (h = dvr) 


= ^exp 
1 

1 



U = 21m (e s'j j , 


Note that V is the volume of the hgure-eight knot. 


Remark 3.3. One can show that if 
k + 1 


(117) 


b" = 


/ + 4 - 
^ 2 6 


k,l G Z>0) ^ ^ + 1, 3/ H-^^ — 1, 


then formula (115) can be simplihed to 


(118) Trpi,i = 




h{q 


+ // 


3s 


q± = {x)j = (1 — a;)(l — T^)... (1 — x^). 


Let us now consider the case in which m is arbitrary, but n = 1. We further specialize 
the answer to the case h = 271. As we will shortly review, this value leads to a simplihed 
conjecture for the Fredholm determinant of the operator pm,n, and therefore it is interesting 
to see if such a simplihcation occurs in the formulae obtained above. When h = 27i, one has 
from (44) that 

(119) b‘^ = m + 2. 


Using (164a), one can see that for this value of b, the function | Ta^c(2^)P indeed simplihes 
to an elementary function, and the trace can be evaluated in closed form to be 


( 120 ) 


Trp^^i {h = 27r) = 


4(m + 2) sin ( 


sin (^) 
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In particular, we find 


( 121 ) 


(5= 2ir) = 1. 


Let us now list some useful values for the second spectral trace. Like before, the integrand 
in (112) simplifies to an elementary function when b satisfies (119), and the resulting integral 
can be calculated straightforwardly. One hnds in this way. 


( 122 ) 


Tr [h = 27 i) 


Trp2,i (^ = 27r) 


1 1 

1 1 

IbTT 64 


3.3. Refined traces. As we have seen in subsection 2.6, in the case of the operator pi i, 
there is a Z 3 symmetry implemented by the unitary operator V of order three, dehned 
in (77), which commutes with pi^i. This means that both operators can be diagonalized 
simultaneously. The subspace spanned by eigenfunctions with a hxed eigenvalue of V can be 
obtained by using the projection operators, 

1 2 

(123) P, = -^a;-*^V^ t = 0,1,2, u = 

j=0 

which commute with pi i and solve the spectral problem for V, in the sense that they satisfy 
the relations 

2 

(124) P,P, = VP, = a;*P„ = 

j=0 

In particular, we can consider the refined spectral traces 

(125) Tr(pf_,P,), * = 0,1,2, 

which can be calculated as {L + l)-dimensional integrals by using the explicit expressions 
for the kernels of and V (in fact, one can simplify them to L-dimensional integrals. A 
detailed treatment of these refined traces will appear elsewhere.) 

Empirically, one hnds that the spectrum of pi^i is non-degenerate, with eigenfunctions 
{|<Pn)}nez> 0 - We will write, 

(126) pi^i\ipri) = n e Z>o, 

where we order the eigenvalues as 

(127) Eq < El < E 2 < ■■ ■ 

Due to the Z 3 symmetry implemented by V, each of the eigenfunctions of is also an 
eigenfunction of V, * = 0,1, 2, and one hnds that 

(128) V|(pj_|_ 3 ,„) ca I(pj_|_ 3 ,,i), TTi G Z>Q, 


i = 0,1,2. 
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Such a Z 3 decomposition of the spectrum was noted in the numerical analysis of the spectrum 
of pi^i in [GHM], The rehned spectral traces (125) are then given by, 

(129) Tr (pf 1 Pi) = XI . 

m>0 

Note that the structure of the spectrum in this problem is similar to what happens in 
bound-state problems in ordinary one-dimensional Quantum Mechanics, in the presence of 
a Z 2 parity symmetry: in that case, the eigenstates of the Hamiltonian |(pn); R £ ^> 0 , with 
energies Eq < Ei < E 2 < ■ ■ ■, have parity (— 1 )"'. 

4. Comparison with the conjecture of [GHM] 

In the previous sections, we have shown that the operators ps = 0^^ arising from mirror 
curves, for many toric del Pezzo threefolds, are of trace class. This means that their Fredholm 
determinant 

(130) S 5 (k, h) = det (1Kps) 

exists and is an entire function of k [Si]. The Taylor expansion of the Fredholm determinant 
around k = 0 provides a generating functional of the spectral traces, since 

^ / \L 

(131) logSs(fi:,h) =-X—^Trp^. 

L=1 

According to the conjecture of [GHM], the Fredholm determinant of the operators ps can 
be computed exactly in terms of enumerative geometry of X. This provides as well an 
exact semiclassical expansion for the spectrum of the operators ps, in terms of an exact 
quantization condition akin to those found in conventional Quantum Mechanics (see, for 
example, [ZJJ]). The perturbative, WKB part of this quantization condition agrees with 
the result of [MM, AGDKV], but it contains in addition instanton corrections which are 
determined by the standard Gromov-Witten (or Gopakumar-Vafa (GV) invariants [GV]) of 
A. 

A detailed statement of the conjecture can be found in [GHM]. We provide here a short 
summary, and we state the result for local P^. This conjecture involves two generating 
functionals of enumerative invariants of a toric Galabi-Yau threefold X: the Nekrasov- 
Shatashvili (NS) limit [NS] of the rehned topological string free energy [IKV, GKK, NO], 
which we will call for simplicity the NS free energy, and the standard topological string free 
energy in the GV representation. The latter is given by 


(132) 


-ws 


(t,pQ = X5Z5Z 

3>0 d ui=l 


-n„ 


w 


2 sin 




2g-2 


—iiidt 


In this expression, the vector t contains the Kahler parameters of the Galabi-Yau A, d is 
the vector of degrees (which are non-negative integers), Qs is a parameter usually called the 
string coupling constant, and are integer invariants called GV invariants of A. They 
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depend on the degree d and on the genus g. The NS free energy is given by 


(133) 


pNSrt sin ¥(23 l + 1) siti + 1) 

jL,jR ‘W,d 2 


Here, are the rehned BPS invariants of X considered [IKV, CKK, NO]. They depend 

on the degree d and on two half-integers (or “spins”) Jl, Jr. The GV invariants can be 
written as particular combinations of the rehned BPS invariants. 

According to the conjecture of [GHM], the Fredholm determinant of the operators ps 
associated to the mirror curves can be expressed in terms of these two generating functionals. 
We will state the result for local P^, which has one single Kahler parameter t. We hrst 
need a dictionary relating the parameter k appearing in the Fredholm determinant, to the 
geometric data of local P^. To do this, we recall that local P^ has a single complex parameter 
or modulus F, and we identify 


(134) 


K = = u, 


where in the second equation we have introduced the “fugacity” p. The complex modulus u is 
related to the Kahler parameter t through the so-called mirror map. As shown in [AGDKV], 
the WKB approach makes it possible to dehne a “quantum” mirror map t{h), which in the 
limit h —)■ 0 agrees with the conventional mirror map. The quantum mirror map of local P^ 
can be computed as a power series in e“^^, with h-dependent coefficients, and it has been 
studied in [AGDKV, HKRSj. One hnds, for the very hrst orders, 

(135) /ieff = = F + 2 cos e"^'" H-, 

which dehnes the “effective” chemical potential pes- 

We now introduce three different functions of p. The hrst one is the “perturbative” grand 
potential, 

(136) J^P^(/i, h) = p^ + B{h)p + A{h), 

o 

where 

The function A{h) is more complicated, and it is dehned as follows. We hrst dehne, 

(138) A,(fc) = ^([l-F])+F^ ^log(l-e-^“)dx. 

This function was hrst introduced, in a very diherent context, in [MP], and determined in 
integral form in [HHHNSY, HO]. It can be obtained by an appropriate resummation of 
the “constant map contribution” appearing in Gromov-Witten theory [BGOV, MaMo, FP]. 
Then, the function A{h) in (136) is given by 

3Ac{h/7i) — Ac{3h/7i) 


(139) 


4 
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The two other functions of /i are obtained from the generating functionals of enumerative 
invariants introduced before. The hrst one is the “membrane” grand potential, 


(140) 


J^^(/iefr, h) = 




271 


dt 


27r dh 


h 


where t{h) = S/igff, as in (135). The second one is the “worldsheet” grand potential 


(141) 


j'^"(/ieff,h) = F 


ws ( 6Tp.efF . dvr 


\ ^ 


+ vri, 


h 


The total grand potential is the sum of these three functions, 

(142) Jp2(/i, h) = j(P)(/^eff, h) + j"'2(/ieff, h) + j'^"(/ieff, k), 

and it was first considered in [HMMO]. 

According to the conjecture of [GHM], the Fredholm determinant of the operator pp 2 = pi i 
is given by 


(143) 


‘=‘p2 {k, h) — E exp (Jp 2 (/r + 27rin, h)). 

TL^Wi 


The sum over n dehnes a “generalized theta function” 0p2 (p, h), 

(144) Sp2(K, h) = e^r^('^’'')0p2 (/i, h). 

The expression (143) is somewhat formal, since the convergence properties of the r.h.s. have 
not been established. In particular, the grand potential is dehned in (142) as a formal power 
series in the two exponentials 

(145) e-3^, 

Note that both formal power series, ^) and J^®(/ieff, h.), have poles when h/vr G Q>o- 

As explained in [KM], this is indeed the reason why the WKB expansion of [ACDKV] can 
not account for the spectral properties of the operator pp 2 . However, it is easy to show that 
in the total grand potential (142) these poles cancel [HMMO] (this property was discovered, 
in a related example, in [HMO]), so that Jp 2 (/i, h) is well-defined as a formal power series. 
There is in addition evidence from explicit computations that the grand potential Jp 2 (/i, K) 
is analytic in a neighbourhood of inhnity in the p plane, at least when h is real. 

As noted in [GHM], the value ^ = 27r is special. In that case, the grand potential Jp 2 (/i, 27r) 
simplihes and one finds [GHM] 

(146) Jp2(/i, 27r) = A(27r) -|- — tdtFo{t) + —d^Fo{t)^ + Fi{t) + 

In this equation, Fo{t), Fi{t) are the standard genus zero and genus one free energies of local 
P^, but after setting e“* —)■ —e“* in the worldhsheet instanton expansion (this is due to the 
shift in (141)). is obtained by expanding the NS free energy up to next-to-leading 

order in h, and performing the same change of sign. The Kahler parameter t is now related 
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to fi by the standard mirror map, again np to a sign (see [GHM] for fnrther details of this 
compntation and explicit expressions for these free energies). In addition, one has that 

(147) A(2,r) = i log(3) - 

From the expression (146), it is easy to see that Jp2(/i,27r) is analytic in the /i plane, with 
a region of analyticity determined by the standard conifold singnlarity of local P^. For this 
special valne of h, it is also possible to show that the generalized theta fnnction appearing 
in (144) becomes a standard Jacobi theta fnnction: 

(148) 2ir) = ils f 5 - I y) ■ 

where 

(149) f (is?A(i) - S,A(1)) . r=^a?A((). 

Note that the r appearing here is the standard modnlns of the genns one mirror cnrve of local 
P^. In particular, one has that Im(r) > 0. Therefore, in the case h = 27r, the formula for 
the Fredholm determinant (143) is completely explicit and well-dehned. It can be expanded 
around k = 0 by using the analytic continuation of the various quantities appearing here. 
One hnds (see [GHM], eq. (4.56)), 

(150) Hp,(K,2^) = 1 + 5 + - s) 

in perfect agreement with the results (121), (122). 

What happens when h ^ 2 ti1 In this case, it is difficult to extract analytic results for the 
spectral traces from (143), but there is a good geometric reason for that: the grand potential 
is expressed as a formal power series around the so-called large radius point at /r —)■ cx), 
while the spectral traces are obtained by expanding around k = 0, i.e. around /i = —oo. 
This is the orbifold point of the geometry, and there are no known resummations of the 
generating functions of BPS invariants around that point. However, one can still obtain very 
precise numerical results for the spectral traces. In this numerical calculation, the precision 
increases with the number of terms retained in the expansion at large radius. This makes 
it possible to test the conjecture (143) against the analytical results for the spectral traces 
derived in this paper, with arbitrary precision. 

The numerical calculation of the traces for general h proceeds as follows. Let us write 
down the expansion of Sp 2 (fi;, h) around k = 0 as 

OO 

(151) Sp2(K, h) = 1 + Zp2(iv, h)K^. 

N =1 

We will call Zp 2 [N, h) the canonical partition function. It can be written in terms of the 
spectral traces Tr with N' < N, and viceversa. For example, one has 

Zp2(l, h) = Trpi^i, 

Zp2(2,fi) = 1 ((Tr^)ij)^ - . 


(152) 
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By writing Z-p 2 [N,fi) as a contour integral and performing a contour deformation [HMO, 
GHM], one obtains the following integral representation of the partition function, 


(153) 


Z^2{N,h) = — [ 
2vri Jc 


where C is a contour going from e^'^^/^cxo to e'^^/^cxo. In deriving this representation, we 
assumed that Jp 2 (/x, h) is analytic in a neighborhood of inhnity. Note that C is the standard 
contour for the integral representation of the Airy function. This contour is appropriate due 
to the fact that Jp 2 (/i, h) is a cubic polynomial, plus exponentially small corrections. By 
expanding the exponentially small corrections in Jp 2 (/i, h), the partition functions Zp 2 (A^, h) 
can be evaluated as an inhnite sum of Airy functions and their derivatives. More concretely, 
if we write 


(154) 


e'^p- 










l,n 


we hnd 

(155) 


ZrAN,h) 


^A(h) 



N + l-B{h)\ 


5 


where Ai(z) is the Airy function. Note that n takes non-negative integer values, but I is of 
the form 3p -|- 67Tq/h, with p,q non-negative integers. The inhnite sum in (155) turns out 
to converge very rapidly, and produces highly accurate numerical answers for the partition 
functions. Using this procedure, one obtains for example. 


(156) 


Zp21^1, h = 


0.4604521481728325977904889856168747087632124207... 


where we have kept the digits which are stable as we increase the number of exponentially 
small corrections in the formal power series dehning Jp 2 (/r, h). This is in agreement with the 
analytic result in the hrst line of (116) (by pushing the calculation of Jp 2 (/i, K) up to degree 
d = 12, we can obtain an agreement with the analytic result of 60 decimal digits). We can 
test with similar accuracy the other analytic results presented in (116) for local P^. It is 
also possible to test the results for the hrst two spectral traces of the operator p 2 ,i in (121), 
(122), by using the conjecture of [GHM], as applied to local F 2 in [GKMRj. 

In this paper we have assumed that h is real and positive, but it is clear that many of 
our results can be extended to complex values of h. For example, the formulae we have 
obtained for the spectral traces can be continued to complex h, provided that Im(h) > 0 
(this follows from the relationship (44) and the constraint for in (158)). The conjectural 
expression for the Fredholm determinant (143) can be also extended to complex values of 
h, and a numerical calculation of the traces is indeed possible, by using the formula (155). 
We have explicitly verihed that the result (115) for the hrst spectral trace agrees with the 
numerical calculation of Zjp 2 (1, h) for various complex values of h. This indicates that the 
conjecture of [GHM] has a natural extension to complex h, which agrees with the analytic 
results obtained in this paper. 
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5. Conclusions and outlook 

In this paper we have shown that, for a large class of Calabi-Yau geometries X associated 
to toric, almost del Pezzo surfaces S by ( 2 ), the quantization of mirror curves proposed 
in [GHM] leads to a new family of trace class, positive-dehnite operators ps on L^(IR). 
According to the conjecture put forward in [GHM], the spectral problem associated to these 
operators is exactly solvable: the spectrum is determined by an exact quantization condition, 
derived in turn from an exact expression for their Fredholm determinant. Our results for 
the spectral traces in this paper lead to very explicit and non-trivial tests of the conjecture 
of [GHM], It is clear that this new family of operators deserves further study, as they 
provide a fascinating bridge between the spectral theory of trace class operators, and the 
enumerative geometry of toric Galabi-Yau threefolds. Although we have restricted ourselves 
to geometries of the form ( 2 ), similar considerations should apply to more general toric 
Galabi-Yau threefolds. 

Our results also have some conceptual consequences for topological string theory. Indeed, 
one of the motivations of [GHM] is to provide a non-perturbative approach to topological 
strings in the case of toric Galabi-Yau manifolds. In order to have a non-perturbative 
approach, we need a well-dehned problem or quantity. Thanks to our results, it is clear that 
the Fredholm determinant of the operator associated to the mirror curve is such a quantity. 
As explained in [GHM], the conventional topological string free energy appears as a’t Hooft 
expansion of the logarithm of the Fredholm determinant, and therefore it emerges as an 
asymptotic approximation to a well-dehned quantity. 

An important aspect of our proof is its constructive character, in the sense that we provide 
an explicit expression for the integral kernel of the operators ps in some cases, as well 
as explicit expressions for some spectral traces. As we have shown, this kernel involves 
in an essential way Faddeev’s quantum dilogarithm, and the resulting expressions for the 
spectral traces are very similar to the state-integral invariants of three-manifolds studied 
in [HikOl, DGLZ09, AKa, KLV12, DG13, AKb, Dim]. It is particularly intriguing that 
quantities like the volume of the 4i knot appear in this context, as we have seen in (116). 
This might be an indication of a deeper relation between complex Ghern-Simons theory and 
topological string theory. 

The explicit expressions that we have obtained for the integral kernels of the three-term 
operators make it possible to write down matrix integral expressions for the corresponding 
canonical partition functions (similar to (100)). It would be interesting to study these matrix 
integrals with large N techniques, and verify in this way some of the statements in [GHM]. In 
view of the similarity between the integral kernel (52) and the kernels considered in [Z, TW], 
it would be also interesting to see if the Fredholm determinant of the operator ps is encoded 
in a TEA system. 

In the case of pi^i, the operator corresponding to local P^, we have found the explicit 
unitary operator which implements the Z 3 symmetry of the spectrum, and we have seen that 
one can dehne rehned spectral traces which take into account the decomposition of the Hilbert 
space w.r.t. the global symmetry. Similarly, one can dehne rehned Fredholm determinants. 
It would be very interesting to hnd a rehned version of the conjecture in [GHM], giving 
an explicit expression for these rehned determinants. In the case of quantum-mechanical 
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operators with parity symmetry, the corresponding refined Fredholm determinants satisfy 
sometimes non-trivial fnnctional relations which determine the spectrum (see for example 
[DT] for a review in the case of conventional Quantum Mechanics, and [GHMb] for an 
example closely related to the family of operators studied here). This suggests that a more 
precise understanding of the refined spectral traces, in the case of pi^, might shed light on 
the solvability of the spectral problem. 

Finally, we hope that our results for the operators associated to mirror curves will suggest 
a strategy to prove the conjecture of [GHM]. 

Appendix A. Some useful properties of the quantum dilogarithm 
The quantum dilogarithm d>b(x) is defined by [Fad95] 

'g27rb(x+Cb). 


(167) 

where 

(158) 


<hh X = 


(e^^b l(x-Cb).g)^ 


^27rib^ 


27rib 


q = e , q = e , Im(b^) > 0. 
An integral representation in the strip |Imz| < |Imcb| is given by 


(159) 


*hb(x) = exp 


e-2ix^ dz 


/R+ie 4sinh(zb) sinh( 2 :b ^) 2 ; 

Remarkably, this function admits an extension to all values of b with b^ ^ M<o. *hb(x) is a 
meromorphic function of x with 


(160) poles: Cb + iNb 

The functional equation 


(161) 


<hb(x) 


-X) = e 


iNb^ 


<^>b(0)^ 


zeros: — Cb — iNb — iNb ^. 


$b(0) = ( I ' ' =e"'K+^ 


allows us to move ‘hb(x) from the denominator to the numerator. In addition, when b is 
either real or on the unit circle, we have the unitarity relation 

(162) 

The asymptotics of the quantum dilogarithm are given by [AKa, App.A] 

<hb(0) when 3 fj(a;) > q, 

1 when 3fJ(a;) -C 0. 

The quantum dilogarithm is a quasi-periodic function. Explicitly, it satisfies the equations 

*hb(x + Cb + ib) 1 


(163) 


<hh(x) 


(164a) 


4>b(x + Cb) 
4>b(x + Cb + ib~Q 

$b(x + Cb) 


qe 


27rbai 


g—l027rb 


(164b) 
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